Abstract-A novel three-dimensional (3-D) propagation analysis of coupled waveguides using local normal modes and the segmentation along the propagation axis was developed. The coupling efficiency of vertically coupled microring resonators was optimally designed using this analysis. The computation time is much faster and the required memory capacity is much smaller than those of the 3-D finite-difference time-domain (FDTD) method.
I. INTRODUCTION

M
ICRORING resonator add-drop filters [1] - [3] have many attractive features such as functionality, filter response synthesis compactness, and the possibility of dense integration. For higher performance, the vertically coupled microring resonator filter [4] - [6] was proposed and demonstrated. This novel filter has many advantages over the nextgeneration photonic network such as controllability of the coupling efficiency between the busline and the resonator (achieved by controlling the thickness of the separation layer) and the possibility of dense integration resulting from the crossgrid configuration. In this filter, the coupling efficiency between the busline waveguide and the ring resonator is the essential parameter [7] that determines filter response characteristics. Since the busline waveguide and the ring resonator are placed in different layers as shown in Fig. 1 , a three-dimensional (3-D) numerical simulation is needed to calculate the coupling efficiency in detail. However, since the upper ring resonator is a bent waveguide in the coupling region, a large 3-D space must be taken as the analysis space. Therefore, the 3-D finitedifference time-domain (FDTD) simulation requires a lot of memory and takes a long time, and so it is not suitable for the search of optimum design by varying the parameters. In this study, a new propagation analysis method to calculate the coupling efficiency of the 3-D bent coupled waveguides is proposed. This method is based on the field expansion of isolated modes in terms of coupled modes of segmented parallel coupled waveguides, which are cascaded to model the bent coupled waveguides. Using this method, the calculation time and memory can be significantly reduced in comparison with those of 3-D FDTD simulation.
II. THEORY
Optical beam propagation in a directional coupler is exactly expressed in terms of two eigenmodes (even and odd modes). These eigenmodes are determined by the structure and the arrangement of two waveguides, i.e., the cross-sectional shapes of waveguides, index profile, spacing, and so on. In the case of the coupling between the busline waveguide and the ring resonator waveguide, the spacing between waveguides varies along the propagation direction gradually, and the coupler is usually designed to keep the radiation very small. Thus, the coupler can be divided into segmented stages as shown in Fig. 2 , so that in each stage, the spacing can be regarded as constant.
Optical beam propagation in the segmented stages can be expressed by the mode expansion. Cascading these segmented stages, the propagation characteristics of the whole coupler can be obtained. In this section, the mode expansion in the coupler with constant spacing and the segmentation of the coupler are discussed.
A. Mode Expansion
Eigenmodes E e and E o in a parallel directional coupler are approximately expressed by the linear combination of isolated local normal modes E 1 and E 2 in the individual waveguides as shown in Fig. 2 . The relation is given by the following matrix formalism:
where C ij is the expansion coefficient between the ith coupled eigenmode and the jth isolated local normal mode, and C is the expansion coefficient matrix. 
B. Segmentation
In the case of bent coupled waveguides, the spacing and the coupling efficiency vary along the propagation distance. Thus, the bent coupled waveguides were modeled by cascading the segmented parallel coupled waveguides [8] , [9] as shown in Fig. 3 , and the coupling matrix T (k) at the kth segmented region was calculated. Multiplying these matrices, the coupling matrix of the whole directional coupler T total can be obtained. Thus, the output field is expressed by
In this analysis, the offset of the optical axis occurs at each connection of segmentations. However, since this modeling is based on the bent coupled waveguide, the shape of which changes smoothly along the propagation axis, the connection loss at the interface between adjacent segmented regions can be ignored. Then in the lossless case, each matrix T (k) is unitary.
III. LATERAL ARRANGEMENT OF COUPLER
Let the coupling efficiency be defined by the ratio of the power of unity input to the output power from the other waveguide of the coupler. Coupling efficiency depends on the spacing between the waveguide centers of the two waveguides, the field profiles of individual waveguides, and the length of the coupling region. When the waveguides are fabricated in a single layer, the propagation axis of the waveguide lies in the same layer. Then the spacing between the waveguides is given by only the horizontal distance between the waveguides. When the waveguides are arranged in the stacked layer, the vertical distance should be taken into account by using the Pythagorean theorem. 
A. Coupling Between Busline and Resonator
where R is the radius of the ring resonator, θ is the azimuthal angle defined as shown in Fig. 4 , and d 0 is the nearest distance between waveguide centers. When the waveguides are crossing each other, d 0 < 0. The propagation distance from the point with the minimum spacing is given by L Rθ. Thus, L is expressed as a function of d br in terms of (7) as
If the coupling region is divided into segmented parallel coupled waveguides with equal propagation distance, then the spacing of segmented coupled waveguides increases parabolically with the increase of L, and the discontinuity between segmented regions increases. Therefore, the length of the segmented coupled region should be determined so as to keep the discontinuity constant. Then the local propagation distance in each segmented coupled region should be determined by
where δd is the segment step, which is the lateral step of digitized location of sore boundary. 
B. Coupling Between Resonators
Fig . 5 shows the coupling region between two resonators. The waveguide spacing d rr is given by
where R 1 and R 2 are the radii of two ring resonators, respectively. The propagation distance from the point with the minimum spacing is given by
Then the local propagation distance corresponding to the constant step of the spacing at the segmented region is given by
When R 1 = R 2 , then √ 2l rr = l br . Thus, the coupling between the resonators is about half of the coupling between the busline and resonator.
IV. LIGHT PROPAGATION IN TWO-DIMENSIONAL DIRECTIONAL COUPLER
The light propagation in a coupled structure with unit power input was calculated as shown in Fig. 6 . The power transfer of the busline waveguide was calculated by the present method and the two-dimensional (2-D) FDTD simulation, and the result is shown in Fig. 7 . The mesh size of the FDTD simulation and the segment step δd of the present method were both 0.05 µm. Computational domains are threefold larger than the core cross-sectional size in the mode solver calculation, and fivefold larger than the core width in the FDTD simulation. The perfectly matched layer (PML) was used as a boundary condition. The local normal mode of bent waveguide was calculated by gradient index approximation. The field profiles E e and E o of each segmented waveguide and E 1 and E 2 of isolated waveguides, which are required to determine the expansion coefficient matrix given in (2), were calculated by a finite-difference mode solver [Apollo Photonics Solution Suite (APSS) by Apollo Photonics Inc.]. The 2-D and 3-D FDTD tools included in the same software (APSS) were also used.
It can be seen in this figure that the calculated result of the present method almost agrees with that of the FDTD simulation. Fig. 8 shows the transmittance of the busline waveguide when the segment step δd was changed. As the segment step was decreased, the transmittance converges to a constant as in the case with the FDTD simulation.
This analysis method can reduce the computation time by more than one order of magnitude compared with the FDTD simulation, because the expansion coefficient matrix can be repeatedly used when the same cross-sectional structure appears several times as in the case of Fig. 6 .
V. LIGHT PROPAGATION IN 3-D DIRECTIONAL COUPLER
The light propagation in a 3-D coupled structure with unit power input by the present method and the 3-D FDTD simulation was calculated, and results are shown in Fig. 9 . It can be seen in this figure that the calculated result of the present method almost agrees with that of the FDTD simulation. The mesh size of FDTD was 40 nm, and the segment step of this analysis was 1 nm. The coupling efficiency calculated by the 3-D FDTD simulation was larger than that calculated by this analysis. This is because the mesh size of the FDTD simulation was not small enough to obtain an accurate coupling efficiency. The computation time of the present method to obtain one point in Fig. 9 was about 10 min, including the calculation of modal fields by the mode solver and the calculation of matrices. On the other hand, it took more than several hours to calculate one point in Fig. 9 by the 3-D FDTD simulation. Therefore, it is not so difficult to calculate the coupling efficiency for many different conditions by this method. This is the reason why the calculated result of this method in Fig. 9 is shown by a solid curve while that of the 3-D FDTD analysis is shown by only several points.
VI. LIGHT PROPAGATION OF STACKED DIRECTIONAL COUPLER
Next, suppose the coupling between the waveguides is arranged in different layers as shown in Fig. 11 . A 3-D FDTD simulation can be used. However, 3-D FDTD simulation can be applied only to a small area due to the limitation of memory and time. In this analysis, the required parameters are the expansion coefficients, the propagation constants, and the segmented coupling lengths L in which the busline waveguide and the resonator waveguide were considered to be separated by a constant spacing (d 0 , t s ) , as shown in Fig. 11 . The expansion coefficient and the propagation constant were obtained from the coupled-mode field in each cross-sectional structure, and the segmented coupling lengths were calculated from the geometrical arrangement in the same way as described in Section III. Then, the coupling efficiency between the busline waveguide and the resonator waveguide in different layers can be obtained. Fig. 10 shows the power coupling efficiency in the case that the waveguides are arranged in the same layer (dashed line). The coupling efficiency decreases exponentially with increased minimum spacing.
A. Coupling Between Busline and Resonator
Next, the coupling efficiency between the straight busline waveguide and the bent resonator waveguide (R = 20 µm), which are arranged as shown in Fig. 11 , was calculated using this new method. The calculated result is shown in Fig. 12 at any thickness of separation layer, the coupling efficiency is almost constant around d 0 −0.5 µm. This means that the fabrication tolerance for the lateral misalignment is large, and this fact is the advantage of vertical coupling.
B. Coupling Between Resonators
The power coupling efficiency between resonators is also shown by the solid line in Fig. 10 when the waveguides are arranged in the same layer. The coupling efficiency has almost the same dependence on the lateral spacing as in the coupling between busline and resonator. However, the coupling efficiency is about half of that between the busline and resonator. Fig. 13 shows the coupling efficiency between the resonator waveguides (R 1 = R 2 = 20 µm) as a function of horizontal and vertical spacings when they are arranged in different layers. The dependence of coupling efficiency on the horizontal and vertical spacings is almost similar to that between the busline and the resonator. However, the coupling efficiency is about half of that between the busline and the resonator.
C. Comparison of Single-Layer and Stacked Configuration
Fig. 14 shows the calculated power coupling efficiency against the ring radius for the cases of lateral waveguide spacing of 0.5 µm in the lateral coupling (single layer) and lateral waveguide center spacing of 0 µm with 0.5-µm separation layer in the vertical coupling. Even if the single-layer configuration and the stacked configuration have the same minimum spacing of 0.5 µm between waveguides, the stacked configuration can achieve stronger coupling than the single-layer configuration by more than threefold. This is because the stacked configuration has longer coupling region than the single-layer configuration.
In the microring resonator filters, a coupling efficiency of 5%-10% is required to obtain an appropriate value of bandwidth suitable for WDM transmission. For example, free spectrum range (FSR) is 20 nm for the ring radius of 10 µm and n eff = 1.9. When the bandwidth of 0.4 nm (50 GHz at λ = 1550 nm) is required, the coupling efficiency of 6% is needed to give a finesse of 50. It is possible to achieve this coupling efficiency using the stacked configuration, but it is not so easy using the single-layer coupler as seen in Fig. 14. This is because the vertical spacing can be precisely controlled by the thickness control of the separation layer, which is much easier than the gap control by etching in the case of lateral (single layer) coupling. Therefore, the stacked configuration is much more effective for the microring resonator.
VII. CONCLUSION
A novel fast analysis method of three-dimensional (3-D) coupled waveguides using the segmentation of coupler and local normal mode has been proposed and demonstrated.
In this analysis, it is not necessary to calculate all the crosssectional modal fields, because interpolation can be used to increase the resolution of waveguide spacing. When the crosssectional structure appears several times in the propagation direction as is the case of coupling between bent and straight waveguides, this method does not need to calculate the modal field again. In this analysis, not all of the bending effects were considered. However, most of the coupling occurs in the region where the waveguides are assumed to be parallel. Therefore, this analysis can analyze effectively the 3-D coupled structure.
